
t.ec#3-DdornatioxPGaosrspresntatrasIntoo-
I will always denote a profinite group that we will usually assume
satisfies the following condition that we abbreviate by

"

Ep
top : Fer any open subgroup H s P , the maximap pro

-

p
quote ont of H is topologically finitely generated
(⇒ Hon CH, Ifp) is fruits)

Eg If Klose is a Ponte ext, lay pens, the•

Gre Gal k) satisfies Ep
(in fact any op .

H s Gr is top Pon ga)
• If F is a * Phd and S is a Ponte set of places of F,
the Gps -- GallFstf) whine Fs is the wax sunrouted outside
S extension of F 4h some F) satisfies §p
( it is not known whether or not Goss is top An gon )

RI Ths condition §p isnt adeath necessary for what we do for
what we do for the next few lectures but it will be satisfied
in the applications we core about labour examples) and omitting it
leads to some non -Northover rings , so we impose it fer simplicity.
Let CNL be the category whose objects we complete Northoverlocal rings A equipped with a fixed isomorphism

.

Alma E IF
( if A is a local ring , we will always denote its maximal ideal by ma ) .
Morphisms are local homomorphisms A→ B compatible with the
identifications Almir IF ⇐ B1ms .



We let Ar be to full subcategory of Asteria objects.
G.w the CNL

, we let
CNLn = subcategory of CNL of A-algebras,Arn . " "Ar "

Rd . CNL - CNLwere, ad Ar - Arup, where WAF) is the ringof Witt reef.rs ed IF, since the identification F-5Alma gives
a CNL - morph WGF) →A .

• Any object of CNL ca by written as a quotient of
WAF) Ex,→ xD for some n .

Sinter , any object of CNL
n ca

be written as a quotient of
NIX , ,⇒Xn D fer sons n .

Fix a continuous f : P → Glen CIF)

DI Fe- AG CNL , a lift or lifting orfdeformation
of e- to A is a cts hen

p : M → Glen CAI et- f med ma
- f-

Glen CA)
e)w f nad ma
P F Glen CIF)

We say two lifts p , e
'

off to Awe strictlyqwvelrt if
I go to Mn (ma)

± b- (Glaad → an CKD such that f
'

eyeg- toA deformation of f- to A is a stock equivalence class of lifts
.



Rud We will often abuse notation by denoting a detonation by
a lift in its strict equivalence class

.

Eef say 0 is the ring
of integers in some Amite ext ElQp aid

a e SaCNN), O) is a normalized Hooke eognfeun Whose associated nodp
Gates representation Eg is absolutely irreducible

.

Thor of fe SOHNI ,O) is a normalred Heels eighteen argent to
g meet mo , its p

-odio Galois rep pg yields a deformation of pg.

Red Ca replace Gln above with other (usually reductive ) group sohu.twUH.
Some things become trickier

.

DI we define the transdermal or lifting top
is the finder

Dog e. CNL → SETS
At E lifts off to A}

The d¥t¥ Perf is h . Punch
D.e-

a CNL → SETS

A '→ 5deformations off to A}
We woke Dj,n ad Dq, n fer their respective restrictions to CNLn .
We will often ont f al k- A teen the notation f and or A one

understood .

Excise We
say that a Buck F : CNL→ SETS is continuous

if A- every A e CNL , the natural map
FCA) → him FCAlumni )

is a bijection. Show that D8 and DE our continuous.



Consequence : Det and Dq are completely determined by their
restriction to Ar

.

Recall that a fund- F : CNL → SETS is representable of
F Re CNL out on isomorphism of fuckers

-

F = Henan CR , -)
and if this is the case

,
th F a ownersat object X une FCB)

corresponding to id e Henan CBR ) ⇐ FCR) with the following property :
fer any Ao CNL ad any YE FCAT, there is a unique CNL

- morph
0 : R →A sack that Y = fly) CX "Y

Prof EP P satisfies Ep, th Df is representable.
Preet let H - tercel , let Hcp) be its maximal pro-p quotient andlet N - b - (H → HIM. An N is normal in Parel any loft

e : M → Glen IA ) od f to Ao CNL Packers through MN
since b- CGLn CAI → Glen CED is pro

-

p .
Since M satisfies Iop , MN is topologically Putty generated.
Fix 8

,.→ 8g er that goner
.to MN topologically .

Fo each Isi say ,
let EECGD c- GLNCWHFD be the Teichmanor

lift of e-Cgl .
↳Hug Fg be the free profits group on the set 58"→ 8g}
a ots ha

→ Fg → GLYCINEHsn;D:: D) could also d'

tis 's@ CBD] Ht Cxs
, i.j )) Eelodltlxsiij



If we 1st I be the ideal of WGHGSxs.i.BA you byall matrix entries of r lo) -1 as a rage our all duds on
the barrel of Rs canonical surgecloser § → PIN .

Setting RD = WUF) Esxs.i.BA/I , r descends to
go : f → Glen CRT

ad it is easy to see that R ' represents Dif with tunnel object
p
? a

Thy Aloud IP M satisfies Gop ad End#og tf) -- IF, then

Dq is representable.

Rud One way to prove this Ck.-sin ) is to take the quotient of DB
by the free action of the smooth Penal group PILn using some

results in SGA
.

Will proceed as Maar did originally .
If F : CNL → SETS is representable by Re CNL and Asc
B→ Cove has in As thou

F (AxeB) = Haar CR, Axe B)
= Henan LR) x#amor ,a Heron CR , B)
⇐ FCA) Xfce, FCB)

Write IF a taxi)

Thy (Grothendieck ) Let F : CNL → SETS be continuous factor
ok FCK) is a singleton . Th F is representable C⇒



1
. 0 As Cad B→C in As

,
the natural mop

FCA xD → FCA) xfco, FCB)
is a bijection .

2
. dinner CIFCet) CD

Explanations Using property 1 , we can define t an FUELED
as follows

.

FCIFCEDXFGFCED - FCIFCED xfae, FUELED
= FGF x

,⇐
FEED by 1

Eke FCIFCED
whose @ Catbe, atco) - at Cbtc ) E .

We defer. seater mutt by o_O IF a Led by
f-& atbe ↳ atobed

We say a hair A → C in Ar is small if it is surjective and
the band is principal and annihilated by ma .
Thy Csohessrnysr's Criteria)Let F : CNL → SETS be continuous Puncher set

.

F UF) - a singleton-
fer g: A→ C and p : B → C in As , consider

¢ : f(Axis) → FCAT Xfce , FCB )
The F is representable e> the following one satisfied
Hb

.
If o is small

,
the ¢ is surjective.

.

H2
.

If A- IF and GIF
, the ¢ is bijective .

H3
.
dim

,p
F CIFGI) ex

htt . If A- B and a- B is small
,
then ¢ is bijective .

We will use this next two to pone Now's The ads representahobbler
DE .


