
Lecture - TotallyIdsbasye,add

Previously . Minimal modularity lifting as a

consequence
of
an

R ± IT thereon
• Non- minimal modularity lifting as a consequence of
an Ried ± IT theorem provided we can show Mo

has full support over
Spee Ro - Spee (Efsa) Gx ,-. xgB

1 local lifting mugs

This week we'll show how to do this in some cases and sketch
the proof of

Tin let F be a totally real fld and let p
> 5 be

aprime
arrowfood in F. Let

f g Ge → G La (Ep )
be a cts ironed rep satisfying the following .
1
. f is mroniifsd outside Ah nay primes
2. V vlp, p lo, is crystalline with all labelled HTwts - 10,13
3
. El Groep , is labs) ironed with adequate image .
4
. f- ⇐ Eg fer

g a Hilbert nodule- cusp form of poem wt 2

and level prime to p .

Then f =p,
Pe- f a Hilbert module- cuspfan parallel wt 21.

Bond Note , no assumptions on the remitscatson of f or level
of
gat vtp .



We assume that we have a fixed iso EF Ep in abone and what follows.

Using cyclic base change ( Saito , Shintaro) , we has

Il Let LIF be a totally real solvable Galois ext. Let pond
g be as above

.

1
.

IP pg Iq is israel, then 7 a Hilbert nodule
cusp fern hash

such that h is the bass charge of y .
In portscute-

f n ⇐ Egle ,
2
.
If f I

± fu fer a Hilbert nodular cusp
Pen h over L

,

th
e
⇒ Ii fer a Hilbert modular

cusp
Pen four F

.

Lenny Let k be a number field and let s be a Ante set of places
of R

-
Fer each v e s , let Ki Ik, be a Auto ext

.

Then 3 a finite solvable Galois ext LIK such that H w of
1L above VES

,
Lw ± Ri as Ku- alys .

Sketch It suffices to prove the lemma with L given by a sequence
of

cyclic extensions, replacing it by its Galois closure if necessary
By induction , we as thin reduced to the cyclic case, which
is an application of the Grunwald -Wang Sheeran

^

i
.

Let Sp -- su Ip in F3
,
So -Sulu in f3



Let E be the set of finite places of F containing all at which for
g
is ronilsed .

Note that En Sp -0 by assumption .

Let MIFCEP ) be the extension cut out by ElGregg .
Thr MlF is finite Galois

, so we can find a Ante set V
of finite places of F such that any nontrivial ceig class in
GallMI F) is Foobv for sons re V and s.k . Vn (EuSp)=¢.

We apply the henna with K -- F
,

ad Cal veg, ¥730 u Ev V
bbl voss

,
Kj = FTIR

lol ve E
, kill Fu sub

- flow is either unramifrsd or naipotently
ramified and similarly fer Eg , and flow is trivial e
We assume moreone the residue fld of Kv has

cardinality = 1 (medpl. Chill explain why next time )
(d) Vell, Kj -- Fr .

T.hn we hone LIF solvable Galois sit
.

(a) each vlp in F splits completely in ↳ in part p is amendedmL.
Cb) LIF is totally real
(c) If floc is reunified at w , the ramification is impotent.
And if

g
is ransford at w, g has Iwa has level

'

The Eso-due A-ed at
any

such w has cardinality get Cnodpl.
Moreover [LIFT is over.

(d) Ln M -- F
,
so I long , is abs ined with adequate image .



Applying the base cheng . Then and replacing F with L , we can assume
that tf ve E

,

-

p CE ) is impotent (nay b. larval)
-

g
has Irahero or full level at v

- Nm Cvl = I Cnedp)
-

f lo,
-

- 1

In particular , deff and detfg are both finite moonfeed chars
times E -1

. Twisting ,
we can assure that

dot dot
with granite ad.faEm.fi?ei:e?E

'

Finally, replacing F by a quod ext, disjoint from Mkp ) IF and in
which p is inranted , we can assume that

[F '- QT is ever-

W. now let D be the benign up to iso) quaternion algebra A- et.
• H v lo , D④Ffr ⇐ Ht
• V v to, D Fu ± Me (fr)

Vs fix a max edn OD of D and
on Iso

Geez I = Ms (Oe E) ± Ma ( Oru )
hero on Bo

(D ④
ie IA:P ⇐ Gta HAI)

labial

l0o@zzDxtoGLzC0r.eozZD-TGLaC0al.Fix
on pm compact subgroup U of 1%8,275 , which we rdaddy

.

with one of Eb GL. Carl . We will make a precise choice
of U later

.



Now choose ElQp finite with ring
of integers 0 such that

f takes values in G LIO) , conjugating if necessary .
E-

any O - algebra A , define
Sa
,nah, A) e -{f :DVD④HIT →A ots such that

flguol -- q th Ply) for all go HEY,
well , ze#It ? }

Abusing notation , we again write q Pe- the finite order ) character

ofArte : F'
'VAI →

For any knife place v of F such that Uv -- GL. COE ) , the
double coset operators

Tv - [GHQ ) e) Gla COED
Sue [GL. CQ) (% a) GLIDED

at
a San CU, Al .

Letting S -- Iv Ip} US v : Art Ghz (OH} , we thus has an action of
qs.mn : = @ [59,53rots]

on SantU, A) .

(Note that I simply acts by q Carl , so we could have omitted these

operators. )



Thy (Jacquot - Langlands ) Recall we have a fixed iso ICE POT .

We have an equality

fitting:S: nailing.gs?iats.ti.id.;Is::i:aaI.%: cnn.EE?sg%a1:lwta&:a:?:;ia?:nEn:ri.4Y. knits
The Hooks eigmsystens that factor through the reduced norm of D
are Eisenstein

, i.e. have associated Galois representations that one
reducible

.

It thus suffers to
prove that

f.
⇐ f fer sane fo Sad6,0)

and we can assumed that f- ⇐ f-y Poor sans

g
e Santa, O)

(enlarging 0 if necessary) .


