POWERS OF 2 IN THE MODULAR DEGREE VIA 2-ADIC R=T

PATRICK B. ALLEN

ABSTRACT. Watkins conjectured that for an elliptic curve over the rational
numbers, the 2-adic valuation of its modular degree is always greater than or
equal to the rank of the elliptic curve. We prove many cases of this conjecture via
a 2-adic R = T-theorem, implementing a strategy first developed by Dummigan.

1. INTRODUCTION

In [Wat02], Watkins presented a new method for computing the modular degree
of a rational elliptic curve, and using the resulting data, initiated a study of the
primes dividing the modular degree. In particular, he posed the following conjecture
[Wat02, Conjecture 4.1]:

Conjecture 1.1. Let E be an elliptic curve over Q, let N denote its conductor, r
denote its rank, and mg denote the degree of its modular parametrization Xo(N) —
E. Then 2" | mg.

For example, if mpg is odd, then the conjecture predicts that E has rank 0.
Assuming 4 1 N, this special case was established by Kazalicki-Kohen [KK18]
building on work of Yazdani [Yaz11] and Calegari-Emerton [CE09].

Caro—Pasten [CP22] proved Conjecture 1.1 assuming E is semistable, E[2](Q) =
7 /27 and that either the number of primes of non-split multiplicative reduction for
is odd, or there is no prime of split multiplicative reduction. An analogous situation
over functions fields was studied in [Car24].

When the Galois representation on E[2](Q) is irreducible, Dummigan [Dum06]
proved cases of Conjecture 1.1 assuming a certain R = T conjecture, Conjecture
5.3 of loc. cit.. Dummigan assumes that E is semistable, N is even and not divisible
by 4, and that if A is the minimal discriminant, then A < 0 and val,(A) is odd for
every p | N. Under these assumptions, he relates the size of the 2-Selmer group
of E to the cotangent space of an appropriate 2-adic deformation ring R at the
point corresponding to the 2-adic Galois representation associated to E. Then
assuming R = T and that they are finite flat local complete intersections over Zs,
Wiles’s numerical criterion equates the size of the cotangent space with the size of Zo
modulo the relevant congruence ideal, which can then be related to the 2-part of the
modular degree. Under similar hypotheses, Dummigan—Krishnamoorthy expanded
on this strategy in [DK13] to investigate powers of 2 in the degree of modular abelian
varieties. In particular, they investigate a strengthening of Watkins’s conjecture
that also takes into account Atkin—Lehner involutions.

The goal of this paper is to unconditionally prove such a strengthened version of

Watkins’s conjecture for certain elliptic curves E over Q with E[2](Q) irreducible:

4

IThe argument of [Dum06] actually only shows 2"~ | mp. There is a small error in Lemma
5.1(2) of loc. cit., a corrected version of which is a special case of [DK13, Proposition 8.2].
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Theorem 1.2. Let E be a rational elliptic curve. Let N be its conductor and let A
be the minimal discriminant of E. Assume the following:

(1) N is even and not divisible by 4,
(2) E[2)(Q) = {0},
(3) val,(A) is odd for any prime p of multiplicative reduction for E.
Let s = dimp, Sely(E) be the dimension of the 2-Selmer group of E and let n be
the number of primes dividing N. Then

(1) 25t =1 | mp.
In particular, Watkins’s conjecture holds for E.

The fact that (1) implies Watkins’s conjecture under our assumptions follows from
the fact that the Kummer map E(Q)/2E(Q) — Sela(E) is injective if E[2](Q) = {0}
and that N has at least one prime divisor (so n — 1 > 0). To be best of the
author’s knowledge, this is the first unconditional (in the sense of not relying on any
conjectures) result on Watkins’s conjecture in the positive rank case when E[2](Q)
is absolutely irreducible, as well as the first result in positive rank when F is not
semistable. We follow and refine Dummigan’s strategy, and the main point of this

article is to prove the relevant 2-adic R = T theorem.

1.3. Selmer groups. Let V = E[2](Q) and let

be the Gg := Gal(Q/Q)-representation on V, where Q is an algebraic closure of
Q. As we will study the modular degree via R = T theorems, we assume that p is
absolutely irreducible, equivalently that F[2](Q) = {0} and A is not a square. We
let adp = Endp, (V), and let 3 and ad’ 7 be the subspace of scalar and trace zero
endomorphisms, respectively. Note that since our coefficient prime is 2, we have
5 C ad’ 7, and the trace pairing (X,Y) — tr(XY) induces a duality between ad’p
and ad /3 = Sym? V.

We define a Selmer group Hj(Q,ad”7) in §5.1 of classes that are unramified
outside of NV and oo, have no condition at co or primes of additive reduction, and
at primes p of multiplicative reduction are represented by a cocycle that, in a basis
for which ﬁ|G@p is upper triangular, is upper triangular with diagonal entries that
are unramified. The image of this Selmer group in H'(Q, ad p) is isomorphic to the
tangent space of a natural deformation problem for p; see §5.8. The map from this
Selmer group to H'(Q, ad p) has one dimensional kernel, and this is the source of
the —1 in the exponent of (1).

Following Dummigan, we consider the squaring map s: V — Sym? V that sends
x € V to the image 22 of t ® z € V @ V in Sym? V. A peculiar feature of the
fact that we are working with Fy-vector spaces is that the squaring map is linear,
and we get an induced map on Galois cohomology s.: H*(Q,V) — H(Q, Sym? V).
Using a Tate parametrization, Dummigan shows that at a prime p of multiplicative
reduction such that val,(A) is odd, the composite of the Kummer map and the
squaring map has image in the dual Selmer condition Lé. For a prime p of additive
reduction, and at the infinite place, we argue differently. Using the structure of
E(Qp), resp. E(R), the image of the local Kummer map is easily bounded above by
dimg, H°(Gq,,V), resp. by —1 + dimg, H(Gg,V); see Lemma 5.5. The fact that
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our Selmer condition is unbalanced now helps us, as this error term is accounted for
in the difference

dimy, H(Q,ad’ p) — dimg, H}. (Q,ad p/3);

see Lemma 5.6. In fact, this difference is also the source of our gain of “+n”
in the exponent of (1). Even if we assume that there are no primes of additive
reduction and that complex conjugation acts nontrivially under p, our Selmer
condition is unbalanced, unlike the situation when the coefficient prime is odd. In
particular, at a prime p of multiplicative reduction, there is a non-trivial ramified
class in L, C H(Q,, ad’ p) that becomes a coboundary with ad p-coefficients; see
Remark 5.3.

All of this shows that the dimension of the tangent space of our deformation
ring is bounded below by the left hand side of (1). If we can then prove that our
deformation ring and Hecke algebras are isomorphic and are finite flat local complete
intersections over Zy, Wiles’s numerical criterion implies that the dimension of this
tangent space is bounded above by the 2-adic valuation of the congruence ideal
associated to F, which can be shown equals the 2-adic valuation of the modular
degree assuming 4 N.

1.4. The R = T theorem. We have to prove our R = T theorem in a rather
roundabout way. First, we show using a lemma of Kisin that the deformation ring
R for our setup admits a good presentation, provided we assume that there is at
least one prime where we allow arbitrary ramification (e.g. if there is a prime of
additive reduction); see Proposition 2.8. Crucial for this is that the local lifting rings
at the primes of multiplicative reduction are local complete intersections over Zo,
which we prove assuming that ﬁ\GQp is ramified with image of order 2, something
implied by our assumption that val,(A) is odd (these assumptions are equivalent
for p odd but for p = 2 the former is strictly weaker than the latter). In fact, if p is
an odd prime of multiplicative reduction such that ﬁ|GQP is trivial, then it seems
likely that the appropriate deformation ring R for our setup will not be a complete
intersection over Zy (see [BKM24, Theorem 6.5] for such a result in the case where
p takes values in a finite field of odd characteristic).

Using base change and the Khare-Wintenberger method together with previous
results of the author [All14a], we can deduce that R is finite over Zs and that all of
its minimal primes come from modular forms; see Theorem 3.2. Crucial for this is
that E is ordinary and that if A < 0, then 2 does not split in Q(v/A), assumptions
implied in turn by our hypotheses that N is even and not divisible by 4 and that
vala(A) is odd. The fact that R is finite over Zs, the good presentation, and a
standard commutative algebra argument then shows that R is a finite flat local
complete intersection over Zs; see Corollary 3.3. Then to show that the usual
map R — T is an isomorphism, it only remains to show that R[1/2] is reduced,
which follows from recent work of Newton—-Thorne [NT23a]; see §4.6. This was all
under the assumption that there is a prime at which we allow arbitrary ramification.
To remove this assumption, we consider modular curves at level Ng? for carefully
chosen prime g, use what we have just proved at level N¢?, and then descend using
Wiles’s numerical criterion; see §4.11.

1.5. Organization. This paper is organized as follows. In §2 we set up the general-
ities on our deformation rings and prove the results about presentations. In §3, we
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prove the result that our deformation ring is finite over Zy with all minimal primes
modular. In both §2 and §3 we work over general totally real fields as it requires
little extra work. In §4 we specialize to Q and prove our R = T-theorem. Finally, in
§5.8, we define and analyze the various Selmer groups attached to our elliptic curve
and deduce Theorem 1.2.

1.6. Notation and conventions. We let F' denote a totally real field, Sy the set of
places above 2 in F', and S, the archimedean places of F. We fix an algebraic closure
F of F and set G = Gal(F/F). For a place v of I, we let I, be the completion of F'
at v, we fix an algebraic closure F, of F,, and let G, = Gal(F,/F,). We fix an F-
linear embedding of fields F' < F,, and will often identify G, with its image under
the resulting embedding of profinite groups Gg, — Gr. All algebraic extension
of F (resp. of F,) will be taken inside of I (resp. inside of F,). We let F2b/F,
be the maximal abelian extension and let F\*/F, be the maximal tamely ramified
extension. We denote by Artp, : FX — Gal(F2P/F,) the Artin map normalized so
that uniformizers are sent to arithmetic Frobenii.

We let K/Q2 be a finite extension with ring of integers O and residue field
k. Let w be a uniformizer for K. We let CNLp be the category of complete
local Noetherian O-algebras A such that the structure map O — A induces an
isomorphism k = A/m4.

Given a continuous representation

p: Gp — GLQ(k),

we let ad p denote the space of 2-by-2 matrices with coefficients in k£ and with adjoint
G r-action via p, i.e. 0-X 1= p(0)Xp(c)~ L. We let 3 C adp denote the subspace of
scalar matrices and let ad’s C adp be the subspace of trace 0 matrices. Since k
has characteristic 2, 3 C ad’ 5.

Given a positive integer N, we let Yy(N) and X((IN) denote the open, resp.
compact, modular curves of level To(N), and let Jy(N) denote the Jacobian of Xo(N).
Let Tz(N) be the Z-subalgebra of End(Jy(IV)) generated by the Hecke operators
T, for pt N and U), for p | N under Picard functoriality. Set T(N) = Tz(N) ®z O.
Given an integer M, we let TM (V) be the subalgebra of T(N) generated over O by
T, and U, for p{ M.
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mod p Galois representations with small residual image were developed with Preston
Wake in ongoing joint work, and I would like to thank him heartily. I would like to
thank Soroosh Yazdani for bringing this problem to my attention many years ago. I
would also like to thank Mohammad Masih Hamidi, Chandrashekhar Khare, and
Jeff Manning for helpful discussions. Parts of this work were completed while I was
a guest at the Ecole normale supérieure de Lyon and at the Université Paris—Saclay
and I would like to thank both institutions for their hospitality and for providing
excellent working environments. This work was supported by NSERC.

2. DEFORMATION THEORY

Recall that F' is a totally real field. Let .S be a finite set of places of F' containing
SQ U SOO Let

p: Gr — GLQ(k)
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be a continuous absolutely irreducible representation and ¢: Gg — O* a continuous
finite order character satisfying the following.

e p and 1 are both unramified outside of S.

o detp = tpe := 1he mod w.

e For each v € Sy, p|g,, has image of order 2 and is ramified.

2.1. Local deformation conditions. For any place v of F, we let DE be the
lifting functor for p|g,, defined on the category CNLe, and let RY denote the
universal lifting ring representing it. A local deformation condition is a subfunctor
D, C DE satisfying the following two properties:

e For any A € CNLo, p € D,(A), and g € ker(GLy(A) — GL2(k)), we have

gpg~" € Dy(A).
e D, is represented by a quotient R, of RE.
Any lift p of pla,, to the dual numbers kle] = k[e]/(¢*) can be written uniquely

as p = (1 + ex)p for a 1-cocycle k € Z1(GF,,ad p) with coefficient in adp. This
defines an isomorphism of k-vector spaces

(2) ZY(Gr,,adp) = D;(k[e]) = Homy,(mpo / (w0, m%0), k).

Under this isomorphism, modifying a cocycle k by the coboundary o — o - X — X,
X € adp, corresponds to conjugating (1 + ex)p by g =1+ €X.

A local deformation problem D, C DY defines a subspace L. C Z' (G, ,ad p)
via (2) and the natural inclusion D, (k[e]) € D5 (k[e]). This subspace L} contains
the subspace B'(Gr,,adp) C Z'(GF,,adp) of all coboundaries.

Lemma 2.2. Let v be a finite place of F' such that p|c,, has image of order 2 and
is ramified. Let Ly, C k? be the unique line stable under Plar, -

Let D, C DY be the subfunctor of lifts p: Gr, — GLy(A) such that det p = e
and such that there is a free rank 1 direct summand Ly C A? lifting Ly that is
stable under p and such that G, acts on A?/L by an unramified character. Then
D, is a local deformation problem and the quotient R, of RE' representing D, has
a presentation R, = Olz1,...,z4]/(f1,..., fr) with

e 34+ [F,: Q2] ifv]2
A ifute.

1 . .
Proof. We may assume that p|q,, = ( ik) with o: G, — k a ramified homomor-

phism of order 2. Let Dp C DU‘:I be the be the subfunctor of upper-triangular lifts
-1
p= vexy ; ) with x, unramified. We will show below that Dp is represented
v

by a CNLp-algebra Rp that admits a presentation Rg = O[z1,...,xz4]/(f1,-- -, fr)
with

24 [F,:Qq] ifuv]2

g—r= .

2 if vt2.
Then the proof of [AKT22, Proposition 4.1] shows that D, is representable, and
that if R, is the quotient of RY representing D,,, then R, = Rp[z].

First assume that v 4 2 and let ¢ be the size of the residue field of v. Let

F'*/F, be the maximal tamely ramified extension in F,,. Any lift of p must factor
through Gal(F}"/F,). Fix a topological generator t € Ipwu,p, C Gal(F}"/F,) of
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the inertia subgroup, and choose a lift ¢ € Gal(F!"/F,) of Frobenius such that
p(¢) = 1. Using the relation ¢t~ = 9, it is easy to see that Dp is represented by
Rp = O[a,b,z] /(¥ (¢)(1 + a)? — 1) with universal lift p given by

ploy = (VO 0 ) o= (g 1)

Now assume that v | 2. Let F2"/F, be the maximal abelian extension of

F, in F, and let Ipa/p, C Gal(F3/F,) be the inertia subgroup. Let DY
-1

q/jeg Z) such that 6,
is trivial on the torsion subgroup of Ipav/p, = O;v. Then [All14a, Proposition
1.4.8] and its proof shows that D)® is represented Rp® 22 Ofz1,...,x,]/(f1) with
g=3+2[F,:Q,]. Let (O;u)f be the quotient of O by its torsion subgroup, let
A= O[[(O;il)fﬂ, and let a C A be the kernel of the augmentation A — O sending

1 .

1/)63 ;) is the universal R%-valued
lift, then 6 o Artp,: (OF )/ — (llf%ig)>< determines a local O-algebra morphism
A — R and we have Rp = R)%/aR)E. Since A is isomorphic to a power series
ring over O in [F, : Qp] variables, we have Rp = O[z1,...,24]/(f1,..., fr) with
g—r=2+[F,:Qp). O

DE be the subfunctor of upper-triangular lifts p = (

every element of (O )f to 1. If p = (

The local deformation problems of Lemma 2.2 will be the ones we wish to use for
our applications to Watkins’s conjecture. The modularity results of [All14a] that
we rely on also use the following local deformation rings.

Lemma 2.3. Let v { 2 be a finite place of F' such that plg,, is trivial and let
v: Gp, = O* be an unramified character that is trivial mod w. Then there is a
local deformation problem D, C DE represented by a quotient R, of RE uniquely
characterized by the following property: R, is O-flat and for any finite extension
K'/K, a continuous O-algebra morphism RS — K' factors through R, if and only
if x 0 pB is an extension of v by ve.

Proof. This is a special case of [KW09c, Theorem 3.1]. ([

Lemma 2.4. Let v { 2 be a finite place of F' such that plg,, is trivial and let
v: Gp, — O be an unramified character that is trivial mod w. Let A be a CNLp-
algebra domain and let p € DY(A) be a lift such that

trp(0) = ye(o) + (o), detp(o) = ev*(0)

for all 0 € GE,. Then the CNLp-algebra map RE — A corresponding to p factors
through the R, of Lemma 2.3.

Proof. Without loss of generality, we may assume that the map RE — A is surjective,
so Spec A C Spec RE. Twisting everything by v~ !, we may assume that v = 1.
Then the image of p is pro-p and p is tamely ramified.

Let p € Spec A, let k(p) be its residue field, and let x: A — k(p) be the canonical
homomorphism. Then if ¢, ¢ € Gal(F{*/F,) are a topological generator of the inertia
subgroup and a lift of Frobenius, respectively, the characteristic polynomials of
xop(t) and z o p(¢) are (X — 1)? and (X — ¢q)(X — 1), respectively. This and the
relation ¢t ! = t9 implies that 2 o p(t) is unipotent and that x o p is an extension



POWERS OF 2 IN THE MODULAR DEGREE VIA 2-ADIC R=T 7

of the trivial character by e. In particular, if p is a maximal ideal of A[1/2], then
E(p) is a finite extension of K and p € Spec R, C Spec RY by Lemma 2.3. If A is
a characteristic 0 domain, then the maximal ideals of A[1/2] are Zariski dense in
Spec A, so Spec A C Spec R, C Spec RE and RE — A factors through R,.

If A is a domain of characteristic 2, we apply the observations of the above
paragraph to the generic point of Spec A and deduce that for all 0,7 € Gp,, we

have
(p(e) = D(p(1) = 1) = (e(0) = D)(p(r) = 1).
Let p7: Gp, — GLy(RY) be the universal lift, and let .J be the ideal of RY generated
by the equations
trp2(0) = (o) +1, detp=(0) = e(0)
as well as the matrix entries of

(7(0) = 1)(p7(r) = 1) = (e(0) = V)(p7(r) = 1)
as we range over all 0,7 € Gp,. Then the surjection RY) — A factors through
RY/(w,J). Now the proof of [Alll4a, Proposition 1.5.4] shows that the nat-
ural surjection RE — R, factors through RE /J and induces an isomorphism
RY/(w,J) = R,/(w). Thus, RY — A factors through R,. O

The following is contained in [KW09c¢, Proposition 3.3], it’s proof, and the remark
following it.

Lemma 2.5. Let v | oo and let D, C DE be the subfunctor of lifts p such that for
1 # ¢, € GF,, the characteristic polynomial of p(c,) is X2 — 1. Then D, is a local
deformation problem and the quotient R, of RE representing D, has a presentation

R, = O[z1, 21, 23]/ (f).

Lemma 2.6. Let v | co. For any continuous I1-cocycle k: Gp, — ad’ 5, the lift
(1+€k)plgy, is of the type considered in Lemma 2.5.

Proof. Let 1 # ¢, € Gp, and let p = (1 + ex)p. Since & has coefficients in ad’ 7, we
have det p(c,) = det p(¢,,) = 1 and it remains to show that tr p(c,) = 0. If p(c,) = 1,
then
trp(cy,) = tr(1l) + etrr(c,) =04+ 0=0.
Now assume that p(c,) # 1. Then we can fix a basis of p|g,, such that p(c,) =

((1) (1)> Write k(c,) = <CCL 2) The cocycle identity imples

0= k(1) = wted) = ple)eteupten) + e = 1, 75 °).
so b =c. Then

trpten) = trple) + etrtnlepl)) =t (o) +e () §) =0 O

2.7. Global deformation problems. Say we have a subset 7' C S and for each
v €T, alocal deformation problem D, for p|g,, . We refer to the tuple
D= (F7 Sv Oapa 7#, {DU}vET)
as a deformation datum. Then a deformation p: Gp — GL2(A) of p to A € CNLp
is of type D if
e p is unramified outside of 9,
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e det p = e,
e for each v € T', any (equivalently one) lift in the equivalence class of p|q,,
lies in D, (A4).
There is a set-valued functor Dp on CNLp that sends A to the set of deformations
of p to A that are of type D, and it is represented by a quotient Rp of the universal
deformation ring for p.
For each v € T, let L) C Z'(GF,,adp) be the subspace of 1-cocycles correspond-
ing to D, (k[e]) (see §2.1) and let L, C H*(GF,,adp) be its image in cohomology.
Let H'(Gr.5,ad’ )’ be the image of H' (G s,ad’p) in H'(Grs,adp). Finally, let

H)(adp) == {¢ € H(Grs,ad° ) : res,(¢) € L, for each v € T}.

Then if ¢ € Hy(adp) and k: Gps — ad’p is a cocycle representing ¢, the map
that sends ¢ to the deformation class of the lift (1 4 ex)p of p is well-defined and
gives an isomomorphism of k-vector spaces

Hp(adp) = Homy(mp, /(w, m%,), k).

The following proposition will play an important role in the proofs of our main
theorems.

Proposition 2.8. Let p be as in the beginning of this section and let T C S be
a subset containing Sy and So, and such that for any finite v € T, the restriction
Plar, has image of order 2 and is ramified. Consider the global deformation datum

D= (Fv Sv O,ﬁ7w, {Dv}UET)v
where

e D, is as in Lemma 2.2 for finitev € T, and
e D, is as in Lemma 2.5 for v € So.

Then if S\ T # 0, there is a presentation Rp = Ofz1,...,x4]/(f1,..., fq)-

Proof. For each v € T, let R, be the object representing D,,, and set R'°¢ = ®,e1 R.,
the completed tensor product being taken over O. Then Lemmas 2.2 and 2.5 imply
that we have a presentation

(3) R°° = Ozy,...,x4]/(f1,..-, fs) with a—b=3|T|.

We now appeal to [Kis07, Proposition 4.1.5 and Remark 4.1.7]. Because there is
a finite place in S\ T, our setup satisfies the condition (}) of loc. cit. We deduce
there is a presentation

(4) Rp = R*[y1,...,v.]/(91,-..,94) with ¢—d= —3|T|.
Equations (3) and (4) imply the proposition. O

3. FINITENESS OF DEFORMATION RINGS

We fix the following data.
(1) A totally real field F' and a finite set of places S of F' containing Sz U Sw.
(2) A continuous irreducible representation
p: Gp — GLy (k)

unramified outside of S.
(3) A finite order character ¢: Gp — O* unramified outside of S such that e
lifts det p.
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(4) A subset T' C S containing S, and S., and such that p|g,, has image of
order 2 and is ramified for any finite v € T'. In particular, we assume that
play, has image of order 2 and is ramified for every v | 2.

(5) For finite v € T', we let D,, be the local deformation problem of Lemma 2.2,
and for v € S, let D, be the local deformation problem of Lemma 2.5.

We then define the global deformation datum
D= (F7 Sv 0757 ¢7 {DU}UET)7

we let Rp be the resulting type D universal deformation ring, and let
PD: GF — GLQ(RD)

be be the univeral deformation.

We say a cuspidal automorphic representation 7 of GLa(Ap) is regular algebraic
of weight 0 if for each v | 0o, m, has the same infiniessimal character as the trivial
algebraic representation of GLy/p,. If F' = Q, then 7 is regular algebraic of weight
0 if and only if it is the cuspidal automorphic representation generated by a weight
k = 2 cuspidal newform f for some congruence subgroup (our normalization is such
that a weight &k > 1 cuspidal newform generates an automorphic representation with
central character |-|>~% at infinity).

Let t: @, = C be an isomorphism and let 7 be a regular algebraic weight 0
cuspidal automorphic representation of GLa(Ap). Let v | 2 and let w, be a choice
of uniformizer for F,. For n > 0, let

Uio™) = {(z Z) cca—ld—1e (wj})},

and let (:~!m,)™°'d be the maximal subspace of :~!7, := 7, R, -1 Q, on which
%” 2) U1 (v™)] acts by a 2-adic unit. We
then set (17 1m,)o"d = lign(flm)”vord. This space has dimension at most 1 by
[Hid89, Corollary 2.2], and we say that 7 is t-ordinary if (1= '7,)°™ # 0 for each
v|2. If F=Q and 7 is generated by a weight 2 newform f, then 7 is t-ordinary
if and only if f is ordinary in the classical sense: :7!(a,) is a p-adic unit, where
ap is the T, or Up-eigenvalue of f if the level of f is prime to p or divisible by p,
respectively.

Lemma 3.1. Let q be a prime ideal of Rp. Set A= Rp/q and let p: Gp — GLa(A)
be the pushforward of pp by R — A. Then there is a finite solvable totally real
extension L/F, a finite set of places Sy, of L containing all those above 2 and oo,
and a deformation datum

DL = (L7 SL7 O7E‘GL s leL7 {Dw}wGSL)
satisfying the following.

(1) L/F is disjoint from err(p)/F.
(2) For each w |2 in L, [Ly : Q2] > 4 and plg,, has image of order 2 and is
ramified.
(8) The local deformation problems are as follows.
e D, is as in Lemma 2.2 for w | 2,
e D, is as in Lemma 2.5 for w | co.
e D, is as in Lemma 2.3 for w € St not above 2 or cc.

the double coset operator U, = [Uy(v™) (
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(4) The deformation plc, of pla, is of type Dr and defines a finite CNLp-
algebra map Rp, — A.

Proof. First, we choose finite extensions F)/F, for each v € S. If v | 2, the we
let F/F, be any unramified extension such that [F} : Q2] > 4. Note that p|q,,
still satisfies the assumptions of Lemma 2.2 and the lift p|g,, of p|g,, is of the
type defined there. If v | 0o, we take F, = F,. Set ¥ = S \U(Sg U SO:), and let
Yur € X, resp. Ypam C X, denote the subset of v € X such that p|GFU is, resp. is
not, potentially unramified. For v € ¥, let F//F, be any finite extension such
that p|g,, is unramified.

Finall;, if Yyam, we let F)/F, be a finite extension such that p|GF4 and factors

through Gal(F¥/F,), with F'*/F, the maximal tamely ramified extension in F,,
and such that p|¢,, and |g,, are trivial. Let ¢, ¢ € Gal(F}*/F,) be a topological
generator of the inertia subgroup and lift of the Frobenius, respectively. Let ¢ be
the cardinality of the residue field of F!. The relation ¢t¢~! = t¢ implies that the
eigenvalues of p(t) in an algebraic closure of Frac(A) are stable under gth powers,
hence are roots of unity. Replacing F), by a further finite extension, we can assume
that all these eigenvalues are 1. But p(t) # 1 since v € Xyam. So we can find
g € GLg(Frac(A)) such that gp(t)g~! = <(1) 1) The the relation ¢tgp—t = t4
implies that gp(¢)g~t = qooz 2 with a = £1. Letting v: Gr; — O be the

unramified character sending Frob F, to a, we see that

trp(0) = ey(o) +7(0), detp(o) = e*(0)
for all o € GF;. Then Lemma 2.4 implies that the lift p|g,, of pla,, is of the type
considered in Lemma 2.3.

Now choose a finite set of finite primes S’ of F, disjoint from S, such that
{p(Frob,) : u € S’} exhaust all conjugacy classes in im(p). For u € S’, set F,, = F,.
Then we we choose a finite solvable Galois extension L/F' such that if w is a place
of L above v € SUS’, then L,, & F/ for our fixed choices F (see [Tay, Lemma
2.2], for example). Since L/F is split at any v € S’, this extension is disjoint
from err(p)/F. Let S be the set of places of L above S U S U Xpam. We
have shown that the deformation p|g, of p|g, is of type D, so we get a CNLo-
algebra map Rp, — A. Let my, C Rp, be the maximal ideal. The representation
pmod mpA: Gp — GLa(A/mp A) factors through Gal(Lerr(p)/F), so Rp, = A
is finite by [KW09a, Lemma 3.6] and Nakayama’s lemma. O

Theorem 3.2. Fiz an isomorphism v: Qy = C and assume that p = P, for
an t-ordinary reqular algebraic weight 0 cuspidal automorphic representation © of
GLQ(AF) Then
(1) Rp is a finite O-algebra.
(2) For any continuous O-algebra homomorphism x: Rp — Q, there is an
t-ordinary reqular algebraic weight 0 cuspidal automorphic representation m

of GL2(AFp) such that o pp = pr,.

Proof. Part 2 follows from [Alll4a, Theorem 5.2.1]. Since Rp is Noetherian,
letting Min(Rp) be the (finite) set of minimal primes of Rp, the map Rp —
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[Tqenin(rp) 20 /q has finite kernel and it suffices to prove part 1 with Rp replaced
by A := Rp/q for some fixed q € Min(Rp). Let p: Gp — GLy(A) be the pushfor-
ward of pp by Rp — A. We now apply Lemma 3.1, and letting L, Sy, and Dy, be
as in the lemma, it suffices to prove that Rp, is finite over O.

For each w | 2 in L, let OZW(Q)f, resp. LX(2)7, be the quotient of the pro-2
completion of OF , resp. of L;5, by its torsion subgroup. Set A = Oll L, Of (2)7]
and A = Olll.,. 01, (2)7]. For w | 2, since the local deformation problem D,, is as
in Lemma 2.2, there is a free rank 1 direct summand L C RQDL of the representation
space for pp, |@,, such that Gr, acts on R%, /L by an unramified character x.,.
Then the tuple (x., o Artz, ),|2 defines a CNLe-algebra map A= Rp, such that
its restriction to A factors through the natural augmentation A — O. It thus suffices

to prove that Rp, is finite over A. But Rp, is a quotient of the A-algebra Rf‘gf of

[All14a, §4.1] (where it is denoted ﬁ}? g) and [All14b, Proposition 4.4.3] implies that

(Eflgi )r¢d is isomorphic to an ordinary Hecke algebra (denoted Ty (U, 1)y there),

which is finite over A. Thus Ef‘gi is finite over A, and hence so is Rp, . O

Corollary 3.3. Let the assumptions be as above and assume further that S\ T # (.
Then Rp is a finite flat local complete intersection over O

Proof. The assumption that p is automorphic in Theorem 3.2 implies that dim Rp >
1, and part 1 of the conclusion gives that Rp/(w) is a finite ring. But since

~

S\ T # 0, we can apply Proposition 2.8, and we have a presentation Rp
Olz1,...,z4]/(f1,.-., fg) for some g > 0. We then see that fi,..., fy,w is a
regular sequence and the corollary follows from a standard argument. O

4. AN R = T-THEOREM

We now specialize to the case F = Q and fix
p: Gg — GLa(k)
a continuous representation. Let N(p) be the prime-to-2 Artin conductor of p. We
make the following assumptions:

(1) p is absolutely irreducible,
(2) detp=F,
(3) Plgg, has image of order 2 and is tres ramifiée.

We fix a finite set of places S of QQ containing 2 and oo and all primes at which p
is ramified. We fix a subset T' C S satisfying {2,00} CT C {2,00} U{p || N(p)}.
For a prime p, we let n, be the p-adic valuation of N(p). Define

N = H p X H pmax(Q,np)'
co#EpeT peS\T

A theorem of Tate implies that N(p) > 1, so N > 2N(p) > 4. We recall that
T(N) = Tz(N) ®z O where Tz(N) is the Z-subalgebra of End(Jy(N)) generated by
the Hecke operators T, for p{ N and U, for p | N under Picard functoriality.

We define the global deformation problem

D= (Qv S, Ov P €, {Dp}pGT)>

where



12 PATRICK B. ALLEN

o for co #p € T, D, is the local deformation problem of Lemma 2.2,
e D, is the local deformation problem in Lemma 2.5.

Let Rp be the resulting type D universal deformation ring and let pp denote a
representative for the universal deformation.

Theorem 4.1. Enlarging O if necessary, there is an augmentation X: T(N) — O
such that the mazimal ideal m = (w,ker \) is defined by

e T, mod m = tr p(Frob,) for any pt N,
elU,—1lcmforpeT,
e Uyem forpe S\T.

Proof. First, p is modular by [KW09b, Theorem 9.1] and [Kis09, Theorem 0.1].
Then [Buz00a, Proposition 2.4 and Theorem 3.1] implies that p arrises from a weight
2 normalized eigenform of level 2N (p). Then by [CDT99, Lemma 4.4], enlarging O
if necessary, there is a normalized eigenform

9=a+ Y an(9)g" € S2(To(N),0)
n>2
such that

e a,(g) = trp(Frob,) (mod w) for any p{ N,
e a,(9) =1 (mod w) for pe T,
e a,(9) =0 (mod w) forpe S\T.

The augmentation A: T(N) — O given by T}, — a,(g) for pt N and U, — ap(g) for
p | N then satisfies the properties of the theorem. O

Proposition 4.2. Let m be as in Theorem 4.1. There is a surjective local O-algebra
homomorphism ¢p: Rp — T(N)w satisfying the property that for pt N,

¢p(tr pp(Froby)) = Tp,.
Moreover, for any multiple M of N, T(N)w is generated over O by {T), : pt M}.

Proof. This is standard. See for example, [DDT97, Lemma 3.27 and Proposition
4.7]. |

Our goal is to prove the following theorem.

Theorem 4.3. The map ¢p of Proposition 4.2 is an isomorphism of flat local
complete intersections over O.

Wiles’s numerical criterion [DDT97, Theorem 5.3] then yields the following
corollary.

Corollary 4.4. Let \: T(N)y — O be an augmentation. Let I = Anny(yy,, (ker(X)),
n= M), and p =ker(\ o ¢p). Then length, p/p? = length, O/n.

Corollary 4.5. dimy mp, /(w, m%_ ) < lengthy, O/n.
Proof. This follows from Corollary 4.4 since
Mpy/(w,m%,,) = (b, @)/ (w,p?)
is a quotient of p/p2. O
We divide the proof of Theorem 4.3 into two cases: T'# S and T = S.
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4.6. Proof of Theorem 4.3 when 7' # S. Part 2 of Theorem 3.2 and local-global
compatibility imply that ¢ induces a bijection Spec Rp(Qy) = Spec Ty, (Q,). Using
Corollary 3.3, it then only remains to show that Rp[1/2] is reduced.

Since Rp is finite over O, Rp[1/2] is reduced if and only if the localization and
completion (RD)Q is reduced for every minimal prime p of Rp. Fix one such p, let
k(p) denote its residue field (a finite extension of K), and let p,: Gp — GL2(k(p))
be the pushforward of the universal Rp-valued deformation via the map Rp — k(p).
Choosing an embedding k(p) < Q, and an isomorphism ¢: Q, = C, we have
pp = py,, for a weight 2 cuspidal eigenform f of level T'g(IN). By the argument of
[All16, Proposition 1.3.12] (see also [NT23b, Proposition 2.17]), and using [All16,
Lemma 1.1.3 and Remark 1.2.9], the tangent space of (Rp); is isomorphic to a
subspace of the Bloch-Kato Selmer group H }(F - ad’ Pp), which is trivial by [NT23b,
Theorem B]. O

4.7. Auxiliary primes. Our strategy to prove Theorem 4.3 in the case T'= S is
to first choose a certain auxiliary prime g, apply the 7' # S case at level N¢?, and
then use Wiles’s numerical criterion to deduce the theorem at level N.

Lemma 4.8. There are infinitely many primes ¢t N such that ¢ =3 (mod 4) and
p(Froby) is reqular semisimple.

Proof. Our assumption that E\GQQ has image of order 2 and is tres ramifiée implies
that p is not an induction from Q(z). We can then apply [Buz00b, Lemma 2.5] and
Chebotarev density. O

We fix one such prime ¢ as in Lemma 4.8 and define the augmented deformation

problem
D' = (Q,5U{q},0,p,6,{Dy}ver).

For i = 0,1,2, let B,i: Xo(N¢*) — Xo(N) be the map induced by the map on
the upper half plane z — ¢'z. Then we obtain a map Jo(N) — Jo(Ng¢?) given
by z — qfi(z) — B;(Tyx) + B2(x). This induces a O-algebra homomorphism
g: T(Ng*) = T(N) sending T}, to T, and U, to U, for p # ¢ and sending U, to 0.
Letting m’ = g~*(m) and applying Proposition 4.2 at levels N and N¢?, we obtain
a commutative diagram

Rp 22 T(Ng?)w

lf , J{g
Rp —2— T(N)u,

with all arrows surjective. Enlarging O if necessary, we let A\: T, — O be an
augmentation as in Theorem 4.1 and set X' = XA o g. We then define

I = Annp(yy,, (ker(X)) and I" = Annpygey , (ker(N))
n=AI) and n =N(I")
p=ker(Ao¢p) and p’ =ker(\ odp).
The surjection T(Ng?)w — T(N)nm induces a map I’ — I, hence an inclusion
nCn.
Lemma 4.9. 7' = 2.
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Proof. Set g = (¢ — 1)(T2? — (1 + q)?). Wiles’s proof that 7' = A(ug)n [Wil95,
Proposition 2.6] as outlined in [DDT97, §4.4] (in particular, p.g. 130137 of loc.
cit.) carries over in our situation, i.e. when char(k) = 2, upon updating references
in two places:

(1) The multiplicity one result [DDT97, Theorem 4.26] is proved for residual
characteristic 2 in [Buz00b, Proposition 2.4] under assumptions satisfied by
our p (it is here we use the assumption that p|g,, is trés ramifiée).

(2) Wiles’s exact sequence [DDT97, Lemma 4.28(b)] assumes the coefficient
prime ¢ is odd. Inspecting the proof in [Wil95, Lemma 2.5], this is only used
to check that H?(SLy(F,),F,) = 0 by restricting to a Sylow ¢-subgroup,
which is cyclic. For ¢ odd, the Sylow 2-subgroup of SLs(F,) is no longer
cyclic, but we still have H?(SLa(F,),F2) = 0 by [FP78, Chapter IV, §5], so
the proof in [Wil95, Lemma 2.5] carries over upon inserting this reference.

(See also [Dic01, §10].) Now since ¢ = 3 (mod 4) and p(Frob,) has distinct eigenval-
ues, A(q) = 2u for some u € 0. O

Lemma 4.10. The O-module map p'/p’? — p/p? induced by f is surjective with
kernel isomorphic to O/20.

Proof. The fact that the map is surjective follows from the fact that f is surjective.

Let p: Gg — GL2(0O) be the type D deformation of 5 classified by the CNLp-
morphism Ao ¢p: Rp — O. Let adp be the module of 2 x 2 matrices over O
with adjoint Gg-action, let 3 C ad p be the submodule of scalar matrices, and let
ad’ p C ad p be the trace zero subspace. For any n > 1, let ad po =~ be the mod

n

@™ reduction of adp and let ad’ po /wn be the trace zero subspace of ad pp/zn -

Note that ad® pPo /= is not the w" reduction of ad’ p (this will be important for
us). We let

H%(a‘do pO/w") c H%/(ado pO/w") c Hl(@a ado pO/w")
be the subspace of classes 1 such that for any cocycle k representing v, the O &
€O /w™-valued lift (1+e€x)p of pis of type D and type D’, respectively. Multiplication
by w on ad p induces isomorphisms w ad’ PO jmtt = ad’ PO /wn, yielding a directed
system, and we then define
Hp(ad" PK/O) = th Hp(ad’ PO/ )
Hp (ad” prejo) = lim Hpy (ad” po jon)-

Define also H'(Q, ad PKO) = lignHl(Q, ad po/on) and
H%(ad Pr/o) = im(dp: HIl,(adO PK/O) — Hl((@, adpr /o)),
Hp (ad pr/o) = im(dp H}, (ad® pr0) = H'(Q,ad px/0)).
The kernels of dp and dp/ are contained in the images of the coboundary map
5: K/O — H'(Q,ad’ pk0).

Since p is unramified at ¢, the image of § consists of classes unramified at ¢, and
ker dp = ker dp/. We deduce that the inclusion i: H}(ad’ pr/0) € Hb, (ad” px/0)
induces an inclusion j: Hp(ad px,0) € Hp/(ad pr o) such that coker(i) = coker(j).
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Letting M + MY := Homp (M, K/O) denote Pontryagin duality on the category
of finitely generated O-modules, we have isomorphisms

(p/p%)" = Hp(adprjo) and (p'/p"*)Y = Hp (ad pij0)

such that the Pontryagin dual of surjection p’/p’? — p/p? induced by f is the
inclusion j above. We then wish to show coker(j) = coker(i) = 0/20.

First, coker(i) injects into H*(I,,ad’ prcj0)%e/ta. Let x: Gg — 2710/O be the
homomorphism that factors through Gal(Q(v/—¢)/Q) and sends the nontrivial ele-
ment of Gal(Q(y/—¢)/Q) to 27140 € 2710/0. This y is a class in H(Q,2710/0)
that is unramified outside of ¢ and oo and whose restriction to H*(I,,2710/0)
has order 2. For any n > 1, if a € O satisfies 2a € (w"), then the scalar ma-

trix (a a) (mod w@)" lies in ad® pe /e We deduce a Gg-equivariant injection

1:2710/0 — ad® px o with Gg acting trivially on 2710/O. We then consider the
image ¢, (x) € H'(Q,ad’ pr /o). This class lies in H}, (ad® pr /o) and we claim its
restriction to H' (I, ad’ pg /0) generates a submodule isomorphic to O/20. Indeed,
since p is unramified at ¢, the map H'(I,,2-'0/0) — H'(I,,ad" PK /o) is injective.
The claim then follows from the commutativity of the diagram

HY(Q,27'0/0) —— H'(Q,ad’ pi/0)

l |

HY(1,,2710/0) —— H'(I,,ad’ picjo)-

We have shown that there is an injection O/20 < coker(4), so it only remains
to show the latter has length at most length, O/20. The trace pairing induces an
isomorphism between (ad p/3)¥ = ad” pr/o- The argument of [CDT99, Corollary
1.4.3] (see also [Dic01, §11.3]) then shows that coker(:) has length at most

lengtho (ad p/3)(1)" /(Frob, — 1)(ad p/3)(1)".

The prime g is chosen so that p is unramified at ¢ and p(Frob,) is regular semisimple.
Enlarging O if necessary, we can compute in a basis in which p(Frobg) is the diagonal

>. In particular, if X = (Z Z) € ad p(1), we have
o ( @—Na (ga/5—-1)b
b, - = (0 ")
Then since a/8 # 1 (mod w) and ¢ = 3 (mod 4), we compute that

(Frob, — 1)(ad p)(1) + 3(1) = {<Z Z) . a=dmod 20} ,

matrix (a
B

and
(ad p/3)(1)""/(Frob, — 1)(ad p/3)(1)" = 0/20. O

4.11. Proof of Theorem 4.3 when T'=S. The T # S case proved in §4.6 implies
that ¢p/ is an isomorphism of flat local complete intersections over O, and thus

lengthe, p’/p’? = length, O/n/
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by Wiles’s numerical criterion [DDT97, Theorem 5.3]. This, Lemmas 4.9 and 4.10,
and another application of the numerical criterion imply that ¢p is an isomorphism
of flat local complete intersections over O. (]

5. SELMER GROUPS AND WATKINS’S CONJECTURE

Throughout this section we fix an elliptic curve E over Q. We let N be the
conductor of E, and let A be the discriminant of (some model of) E. We let
p: GQ — GL(V) = GLQ(]FQ)
be the Galois representation on the 2-torsion points V = E[2](Q) of E.
We assume the following.
(1) N is even and not divisible by 4.

(2) E[2/(Q) = {0}
(3) val,(A) is odd for any prime p of multiplicative reduction for E.

5.1. Selmer groups for V and Sym?V. We let §: E(Q)/2E(Q) — H'(Q,V) be
the (global) Kummer map, and for any place v of Q, let d,: F(Q,)/2E(Q,) —
HY(Q,,V) be the (local) Kummer map at v. Then the 2-Selmer group of E is
defined as

Sely(E) = {¢p € HY(Q, V) : res,(¢) € im(d,) for every v}

We let ad p = Homp, (V, V') be the adjoint representation of p. We let ad’p C adp
be its trace 0 subspace and let 3 C ad p be the subspace of scalar endomorphisms. The
pairing (X,Y) — tr(XY) is perfect and induces a duality between ad’ 5 and ad 5/3.
The Weil pairing defines and isomorphism V' 22 V* which then induces isomorphisms
adp =V ®V* =2V ®V descending to an isomorphism adp/3 = Sym? V. (We use
a different convention than [Dum06]: for us Sym? V' denotes the quotient of V @ V'
by the action of the symmetric group on two elements.)

For z,y € V, we let zy denote the image of 2 @ y in Sym? V. The map s: V —
Sym? V given by x — z? is Fy-linear and Gq-equivariant. We again denote by s the
composite of this map with our fixed isomorphism Sym? V 2 ad5/3. In particular,
it induces a linear map

Sx: Hl(@v V) - Hl(@v adﬁ/z,)
that will play an important role.

Lemma 5.2. We have Gg-equivariant decompositions ad’p = Fy &V and ad /3=
]F2 @ 1m(5) = FQ EB V

Proof. Since ad’p is dual to ad p/3 and both Fy and V are self-dual, it suffices to
prove the claim for ad p/3.

It is clear that s: V — Sym®V is injective and that im(s) = Foz? + Foy?. A
computation shows that z? + xy + y? is invariant under GLy(F3), and the result
follows. (|

Define subspaces L, C H*(Q,, ad’ p) for each place v of Q as follows.

e Let v = p be a prime of multiplicative reduction for E. Our assumptions

(1) >1k> We fix such a basis
and then identify adoﬁ with the space of 2 x 2 matrices with entries in

imply there is a basis for V' such that p|g, = <
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Fy and trace 0. Let n C b C adoﬁ be the subspaces of upper triangular
nilpotent and upper triangular trace 0 matrices, respectively. So b = 3 G n.
We let
L,(b) =ker(H"'(Q,,b) » H'(Ig,,b/n))
and then define
Ly, = im(Ly(b) = H'(Qp,ad’ p)).

e For v = p a prime at which E has additive reduction, wet let L, =
H'(Qp,ad’ p).

e For all over finite places v, we let L, = H} (Q,,ad’p).

e For v = 0o, we let Lo, = Hl(Qw,adoﬁ).

We then let L C H'(Q,,adp/3) be the dual local condition, i.e. the annihilator of
L, under local Tate duality.
Finally, we define the Selmer group

H:(Q,2d’p) = {¢ € H(Q,ad"p) : res,(¢) € L, for all v},
and the dual Selmer group
H}.(Q,adp/3) = {¢ € H(Q,ad p/3) : res,(¢) € Ly for all v}.

Remark 5.3. Let p be an odd prime of multiplicative reduction for E. Another
natural choice for our local condition at p would be the unramified classes

Ly = im(H QY /Qp, (ad” 5) %) =5 H'(Q,,ad" 7).

We have a containment L;" C L, but unlike in the case when the coefficient prime
is odd, this containment is strict. With the notation as in the definition of L, above,
the Gg,-action on b is trivial, so there is a ramified class in L, given by a ramified
homomorphism Gg, — n. In the case of odd coefficient prime, the analogous cocycle
would be a coboundary, but it is not in our case. This class does however become
a coboundary with ad p coefficients and so both L}* and L, have the same image
in H'(Q,,adp) and both can be used to describe the tangent space of our local
deformation problem. This is advantageous for us via Lemma 5.6 below.

Another plausible condition to take would be the subspace L, C L, of classes that
restrict to 0 in H'(Qy, b/n). This would correspond to the deformation condition
where the diagonal characters of the deformation are fixed as in Lemma 2.3. Again,
when the coefficient prime is odd, these spaces are the same, but in our situation they
are distinct because of unramified quadratic twists. Using the local condition L}, one
would naturally be lead to compare deformation rings using the local deformation
condition of Lemma 2.3 with Hecke algebras acting on quotients of the modular
curve by Atkin—Lehner automorphisms as in [DK13, §12]. We do not pursue this
here.

Notation 5.4. We will write hi(_, M) for the Fo-dimension of a cohomology group
with coefficients in an Fa-vector space M. We use the similar notation for Selmer
and dual Selmer groups, i.e.

sely(E) := dimp, Sely(E)
ht(Q,ad” p) := dimg, Hz(Q,ad” p),
hr. (Q,adp/3) == dimp, H. (Q,ad p/3).
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Lemma 5.5. Let Q be the set of primes at which E has additive reduction. We
have

sely(E) < hpe(Q,ad’p) — 1+ > h%(Q,, V).
veEQU{oo}

Proof. Let Sela(E)? = {¢ € Sela(E) : res,(¢) = 0 for allv € Q U {oo}} and let
selo(E)° denote its dimension. If v = ¢ is a prime of additive reduction, we apply
[MR10, Lemma 2.2(i)]: since E(Q,) contains a pro-q subgroup with finite index and
q # 2, we have

dimp, im(d,) = dimp, £(Qq)/2E(Q,) = dimp, E[2)(Q,) = hO(Gm V).

Similarly, if v = 0o, then either F(R) 2 R/Z and G, acts on V' by an involution
with 1-dimensional invariant subspace, or E(R) = Z/2Z®R/Z and G acts trivially
on V. In either case, we have

dimp, im(Js) = dimp, E(R)/2E(R) = h°(Go, V) — 1.
Thus

sely(E) < sely(E)? — 1+ Z h(Qy, V).
veEQU{o0}

By Lemma 5.2, s, is injective, so we are reduced to showing that s, (Sela(E)°) is
contained in H,1 (Q,adp/3). Fix ¢ € Sely(E)°.

If p is a prime of good reduction, then res,(¢) € H., (Q,, V). Since s, takes unram-
ified classes to unramified classes, res,(s.(@)) = s.(resy(¢)) € HL.(Qp,adp/3) = Ly
If v € Q U {oo}, our definition of Sely(E)° implies that res,(s.(¢)) = s«(res,(4)) =
0€ Lt ={0}.

Finally, let p be a prime at which E has multiplicative reduction. Let ¢: @p /q* =
E(Q,) be the Tate parametrization. We fix the basis {z,y} = {¥(—1),%(¢"/?} of
E[2] (@p). In this basis, we let n C b C ad’ p be the subspaces of upper triangular
nilpotent and upper triangular trace 0 matrices, respectively. We claim that s.(¢) is
contained in the image of H'(Q,,b/3) — H*(Q,,adp/3). Since b/3 C b+ C adp/;
and L, is contained in the image of H*(Q,,b) — H'(Q,, ad’ p), we conclude that
s«(@) C LIJ;.

That s.(¢) is contained in the image of H'(Q,,b/3) — H'(Q,,adp/3) is con-
tained in parts (2) and (3) of the proof of [Dum06, Lemma 4.1]. Since the argument
is short, we repeat it here for the convenience of the reader. Choose P € E(Q))
such that ¢ is the image of P under the Kummer map, and choose u € @: with

Y(u) = P. Choose v € @; with v? = u and let @ = 9¥(v). So the class ¢ is
represented by the cocycle o — o(Q) — Q. If F has split multiplicative, then ¢ is
Galois equivariant, we can assume that u € Q,f, and we have 0(Q) — Q = (o (v)/v).
But since (0(v)/v)? = o(u)/u = 1, we have 0(Q) — Q € Faz. If E has nonsplit
reduction at p, then letting x denotes the nontrivial quadratic character of Gg,, the
isomorphism ¢ satisfies ¢ (o (y)) = x(y)o (¥ (y)) for any y € @: and o € Gg,. In this

case, we can assume u € Q;2 and Nmg , /Q, (1) =1 (see [Sil94, Corollary V.5.4], for

example). Then for 0 € Gg ,, we have o(u)X(?) =yl =y, and for o € Gg, \ Gg,.>

we have o(u)X(?) = (u=1)~! = u. Thus (o(v)X(?) /v)?> = 1 and we again deduce that
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0(Q) — Q € Fax for any o € Gg,. Finally, since {x,y} are a symplectic basis for
E[2](Q,), the squaring map s sends  to (8 (1)> mod 3 in this basis. O

Lemma 5.6. Let @ be the set of primes at which E has additive reduction and let
n be the number of distinct prime divisors of N. Then

hp(Qad’p) —hp (Qad/z) =n—14+ Y h%Q,,V).
veEQU{oo}

Proof. In our situation, the Greenberg—Wiles formula is

hi(Q,ad’ p)—hyp. (Q,ad /3)) = h%(Q, ad’ p)=h*(Q, ad 5/3)+)_ (£,—h°(Qy, ad’ p)),

where we have written ¢, = dimp, L,,. Since p is absolutely irreducible, Lemma 5.2
implies that h°(Q, ad’ p) = h°(Q,ad 5/3) = 1. If v { N is finite, we have k. (Q,,ad’ ) =
h%(Q,,ad" 7). We are thus reduced to showing that

(5) > (b —rQuad’p) =n—1+ Y £%Q,V).
ve{p|N}tuU{oco} vEQU{oo}
First take v = oo and let 1 # ¢ € G&. Either p(c) = 1 or p(c) is conjugate to

((1) (1)>, and thus one computes that

1-2=-1 ifp(c)
3-3=0 ifp(c)

)

1
1.

[N

Ly — h(Goo,ad" p) = W (Goo,ad’ p) — 0 (G, ad’ p) = {

In either case, we have
(6) by —h2(Gos,ad’p) = h¥(Goso, V) — 2.

If v =g € Q is a prime of additive reduction, we have L, = H*(Q,, ad’ p). Then
the local Euler characteristic, local Tate duality, and Lemma 5.2 give
(7) by —h°(Qq,ad" p) = h°(Qq, ad p/3) = 1+ h°(Qq, V).

Now consider v = p a prime of multiplicative reduction. We will show that for
such p,
2 ifp=2

1 otherwise,

(®) £y~ 10(Qp,ad’p) = {

Summing (6), (7), and (8) yields (5).

. . . . _ 1 .
Our assumptions imply that there is a basis for V' such that p|G@p = ( Cf) with

a: Gg, — 3 a ramified homomorphism. Fixing such a basis, we let n C b C adoﬁ
be the subspaces of upper triangular nilpotent and upper triangular trace 0 matrices,
respectively. One computes directly that H O(Qp,adO p) = b = 3 ®n, which is

2-dimensional. We claim that
4 ifp=2,
L, = )
3 otherwise.
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Fix the following basis for ad’ p,

() =0 ) -G

Taking cohomlogy of the exact sequence
0—b—ad’p—ad’5/b—0,

we find that H'(Q,,b) — H(Q,, ad” 7) has 1-dimensional kernel, spanned by the
class of 0 — a(0)(z + e). Since « is ramified, this class is not contained in L,(b),
so Ly(b) = L,. Since b = 3 @ n has trivial Gg,-action, we see that

Ly(b) = H&r(@pu’?) ® HI(QW n) = HomctS(GQp/IQwF?) @® Homes(Gg,, F2)
which has dimension 1 + 3 =4 if p = 2 and dimension 1+ 2 = 3 if p is odd. [

Combining Lemmas 5.5 and 5.6 yields the following lemma.

Lemma 5.7. Let n be the number of distinct prime divisors of N. Then
h(Q,ad’p) > sely(E) + n.

5.8. R =T and Watkins’s conjecture. Let S = {p | N} U {oo}, let T = {p |
N} U {00}, and define the deformation datum

D= (Q7 Sv Z27py €, {D’U}UET)?

as in §2.7, where

e D, is as in Lemma 2.2 for p || N, and
e D is as in Lemma 2.5.

Let Rp be the universal type D deformation ring.

Lemma 5.9. Let H:(Q,ad’ 5) be the Selmer group of §5.1. The map HE:(Q,ad’ 5) —
HY(Q,adp) has 1-dimensional kernel and image contained in

Hp(adp) = Homy (mp,, /(2,m%,, ), Fa).
Proof. Taking cohomology of the exact sequence
(9) 0—ad’p —adp—adp/ad’p — 0

shows that the kernel of H'(Q,ad’5) — H'(Q,ad p) is 1-dimensional. We claim
this 1-dimensional space lies in H}V(Q,ad0 p). Let ¢ be a nonzero element of
this kernel. Then ¢ is unramified at any prime at which p is unramified, so
res,(¢) € L, = H (Q,,ad"p) for v ¢ S. For v = p a prime of multiplicative
reduction, fix a basis for V' such that p‘G@p = <(1) ?) Then choosing X = <(1) 8)

as a lift of a nonzero element of ad 5/ ad’ P, we compute that res,(¢) is represented

by the cocycle
1 v _ (0 a(o)
o oXo X = R

so resy(¢) = 0 € L, by definition of L,. The conditions at primes of additive
reduction or at v = oo are automatic.

We now check the image lies in Hj(adp). Let ¢ = [x] € HA(Q,ad”7) be
represented by a cocycle k: Gp — ad® p. We need to check that the lift p =
(1+ex)p: Gg — GLa(F2le]) is of type D. Since ¢ is unramified outside of S, so is p.
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Also, since & has coefficients in ad® 5, det p = det p = €. It remains to check that
pla,, satisfies our condition D, for any v € T'.

For v = oo, Lemma 2.6 implies that p|g,  satisfies our condition D,. Now
let v =p € T be a (finite) prime. Fix a basis for V' such that plc,, = <(1) >1k>
By definition of L, after possibly modifying x by a coboundary, we can assume

that k(o) = a(OU) Z((Z;) for 0 € Gg, and that a(o) = 0 for 0 € Ip,. Then
(1+ €x)plag, is of type Dy, O

Proof of Theorem 1.2. Let Jo(NN) be the Jacobian of the (compact) modular curve
Xo(N), let Tz(N) be the subalgebra of End(Jy(V)) generated by the Hecke operators
T, for pt N and U, for p | N, and set T(N) = Tz(N) ®z Za. The elliptic curve E
defines an augmentation A: T(N) — Zy by sending T}, for p{ N, resp. U, for p | N,
to a,(E). Let m = (2,ker(\)) C T(N), I = Anny(y),, (ker())), and 7 = A(I). Then
the argument of [Dum06, Proposition 5.4] or [DK13, Theorem 9.4] (see also [ARS12,
Theorem 2.1 and Remark 5.3]) shows that lengthy, Zy/n = vala(mg) with mg the
modular degree of E. The main theorem then follows by combining Lemmas 5.7
and 5.9 and Corollary 4.5. O
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